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Abstract

The present paper evaluates the effect of the aspect ratio and horizontal length of a high conductivity rectangular fin attached to the hot
wall of a three-dimensional differentially heated cubic enclosure in laminar natural convection. The objective is the augmentation of the heat
transfer delivered from the heated wall to the fluid when the volume fraction of the fin is fixed. Two different values for the fin volume were
considered: (i) a large fin that occupies 10 percent of the cubic enclosure, and (ii), a much smaller fin that occupies only 0.1 percent of the
enclosure total volume. The finite element technique was applied for solving the coupled steady-state velocity and temperature fields in the
3-D domain in the range £0< Ra < 10°, whereRa is the Rayleigh number based on the enclosure height. The numerical results showed
that for an enclosure assisted by a large volume fraction fin, the fin aspect ratio does not play an important role, and the average heat flux
transferred to the fluid increases monotonically with the fin horizontal length. For a cubic enclosure assisted by a small volume fraction fin,
the average heat flux delivered to the fluid increases with the aspect ratio of the fin, and with the horizontal length of the fin. A scale analysis
was used to predict the domain in which the fin geometry plays a significant role, i.e., when optimization opportunities are present.
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1. Introduction reported analytically, experimentally and numerically in sev-
eral articles [2-7].
Nowadays, the demand for greater compactness is ac-
Due to its low cost and apparent simplicity, natural con- companied by a corresponding increase in volumetric and
vection cooling (or heating) has always been an attractive surface power dissipation. There is therefore a current call
technique in thermal engineering. The applications in which to pursue better configurations in order to maximize heat
itis used are countless, embracing many technical fields. Ex-transfer rate. In spite of the constant pressure for more effi-
amples are energy storage systems, thermal control of eleccient heat transfer devices based on known techniques such
tronic devices and buildings. Such variety of applications as natural convection inside a cavity, very few papers deal
has generated a large body of work that studied buoyancywith optimization of thermal performance [3,8,9]. Most of
driven flows in several configurations and different bound- the bodywork found is of descriptive nature [10,11], in none
ary conditions. One of the most examined configurations of them heat transfer augmentation under global constraints
is the differentially heated cavity. Starting with Bénard [1], was the main concern. This motivates the present study to
the behavior of such enclosured self-driven flows has beenfurther investigate theoretically and numerically the behav-
ior of a class of improved enclosures.
The aim is to determine the ideal geometric features of
* Corresponding author. Tel.: +1 (919) 660-5299, fax: +1 (919) 660-8963. @ rectangular fin that maximizes the thermal performance
E-mail address: akd3@duke.edu (A.K. da Silva). of a differentially heated three-dimensional cubic enclosure
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Nomenclature
a fiInWidth ... m W finvolume . ... 3n
A = T 2m x,y,z Cartesiancoordinates..................... m
b finlength........ ... i m W cavitywidth ............. ... .. m
c fin he_i_ght ................................ M Greek symbols
cp specificheat.................... kg 1.K-1
g GRAVIEY « e oo 8T2 o thermal diffusivity . .................. fas 1
H cavity height. ..., m B coefficient of volumetric thermal
i iteration index eXPANSION ... Kk
k thermal conductivity .. .......... vkh—1.K-1 A fin aspect ratio
L cavity length . . ......oovviii i m M VISCOSItY ..o Am2
n normal vector v kinematic viscosity .................. o
P PIESSUME . .. e e e 2 p density........ REEEER R R ERREE kg
Pr Prandtl number ¢ fin volume fraction
q dimensionless heat transfer rate Subscripts
R reS|du_aI vector fin relative to the fin
Ra  Rayleigh number, Eq. (11) fluid  relative to the fluid
T temperature........... i K h hot
Th hot wall temperature....................... K opt optimal
Tc cold wall temperature...................... K ¢ cold
u,v,w Vvelocity components.................. -snt )
u solutions vector Superscript
\Y cavityvolume.............. .. ... 3m (@) dimensionless variables
when the fin is attached to the hot wall of the enclosure. Due ' adiabatic
to cost and weigh constraints, the total volume of the fin was £ N
fixed. Two degrees of freedom were varied in order to de- :
termine the ideal configuration of the fin: the fin horizontal Tn 1 Te
length, and the fin aspect ratio. The numerical results cover o :
the range 19< Ra < 10°. We delineate the conditions for ]
which optimization opportunities are present, i.e., the range LE
where the fin geometry plays a significant role for maximiz- CT 74
ing the total heat transfer rate. — ,____'i _____________
H //I
y e 7
2. Mathematical modeling /,/’ w
7
Consider the three-dimensional cubic enclosure differen- // adiabatic /
tially heated shown in Fig. 1. The left and right vertical walls o | |
are kept at uniform temperatures equalitoand 7 respec- oW TZ.X,U ' L !
tively, whereT;, > T¢. The top, bottom, front and rear walls 0 yv
are considered perfectly adiabatic. The temperature differ-
ence between th&, and T, walls triggers buoyancy driven Fig. 1. The physical geometry and coordinate system.

flows inside the cavity. Nonethelesgy(— Tc) is assumed

small enough so that the Boussinesq approximation is valid. . . .
9 qapp mophysical properties are considered constant. The present

In general, heat transfer and fluid flow are greatly mod- analysis is based on the steady-state version of the conserv-
ified (enhanced or reduced) by the presence of an obstacle y Y

in a cavity [8-12]. In this paper, the “obstacle” considered is ative equations for a Newtonian fluid,

an internal fin made of a high thermal conductivity material, 3; 97 aw

and it serves the function of enhancing the heat transfer rate ¢ + P + FEa 0 (1)
L y Z

from the hot to the cold wall. The fin is attached to the center

of the hot wall, and its dimensions ageb andc, as shown Ra\Y2/ oa _oi _oi 9P

in Fig. 1. The flow is assumed to be laminar, and the ther- (ﬁ) <”£ + 55 + wa_z> =



Ra\ 2 [0 000 aﬁ+v2~ @
—_— u— v— —_— e v
Pr ax oy Vez 35
Ra\Y2/ ow _ow _ow
i~ — V— w—
Pr 0x ay 0z
3P, (Ra\YZ.
=——— 4V —) T 4
0z + <Pr> @)
oT 9T aT -
(RaPNY?(ii— 4+ t— 4+ w— | = VT (5)
ox ay 9z

whereV?2 = 92/9%% 4 982/95%+ 82/972, and the dimension-
less variables are defined as

_ (,y,z,L,W,a,b,c)

(%,7,2,L,W,a,b,©) 7 (6)
G, 5, ) = W:)‘R’j% @)
P= (Ma/HZ)II;al/ZPrl/Z ©)

In Egs. (7) and (9),Ra is the Rayleigh numberRa =
gBAT H3/va), andPr the Prandtl number.

There is no flow in the fraction of the volume occupied
by the fin (solid), and therefore only the energy equation
(conduction) needs to be solved in that portion of the do-
main, V2T = 0. The boundary conditions are: non-slip and
no penetration for all surfaces inside the enclosdres 1
on the left vertical wall and” = 0 on the right vertical wall,
dT /on = O for the top, bottom, front and rear walls, where
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pressure penalty function, the pressure is replaced in the mo-
mentum equations by
F _qf0u 9V AW
==t (af’afr az)
whereg = ¢/u, and the continuity equation is discarded.
The nonlinear equations resulting from the Galerkin finite el-
ement method were solved by the modified Newton scheme.
The selection of this solution method for the nonlinear equa-
tions stems from the fact that by applying the modified New-
ton scheme, we avoid the computational expenses associated
with the solution of a large matrix at each iteration. The
modified Newton scheme does not compute a new Jacobian
at each iteration, instead it fixes the iteration operator. This
scheme can be far more economical than the well-known
Newton—Raphson method as the factorization of the Jaco-
bian matrix is required only at the first iteration. However,
the savings in computational time is gained at the expense of
slower convergence. The upwind formulation, which has the
effect of weighting the advection operators toward the up-
stream direction, was also used to control the inherent insta-
bilities trigged at relatively high values of Rayleigh nhumber
(i.e.,Ra> 10°). The convergence criteria used was

Jlu® — D) IRUD)|
lu®] IRWO)]

whereu is the solution vector, is the iteration index ang
is the residual vector.

In the present study, the computational time required to
achieve the stipulated convergence criteria varied between 2
and 12 hours foRa = 10° andRa = 10° respectively, on a
Sun Blade 1000 (Ultra Spark IlI) Unix machine.

A grid refinement was performed for each value of the
Rayleigh number. The grid tests showed that a uniformly

(10)

<0.001 and <0.001 (11)

n is the respective normal vector. E_>ecause _the finis attachedSpaced mesh could be usedxirand z direction. However
to the hot wall, the temperature at its base is the same as th

fthe h 17 h ile in th §n y direction a non-uniform mesh was selected, with the
one of the hot wall.T' = 1. The temperature profile in the smaller elements located close to the hot wall. For Rayleigh

number 18 and 10, the mesh independence was achieved
with 21 nodes per unit of dimensionless length for the three
axes. ForRa = 10°, 31 nodes per unit of dimensionless

volume occupied by the fin is solved simultaneously with
Egs. (1)—(5) for the fluid portion of the domain. Just like the
other thermophysical properties, the fin conductivigy is

assumed constant. In most of the simulations, a typical Val”elength were used

of 6500 has been specified for the fin-to-fluid thermal con-
ductivity ratiok = ktin/ kfuig- This value has been obtained
by considering an aluminum fin in an air filled cavity, at ap-
proximately 300 K.

3. Computational details and code validation

The differential system composed of Egs. (5)—(9) was
solved in the cubical domain of volum#& x L x W =1,
which includes the volume occupied by the fin, by using
a finite element code [13]. The numerical domain was dis-
cretized non-uniformly by using 27 cubical nodes. The ex-

The accuracy of the grid and of the code was verified by
comparing the results obtained for a finless cubic enclosure
with the available literature [14—16]. The figure of merit se-
lected was the overall heat transfer rate at the hot wall, which
is equivalent to the averaged Nusselt number, and is defined
as follows

11

- q _//BT

= ko H(Th—To) ay
00

Numerical tests show that the overall heat transfer rate
g in the finless enclosure, Eq. (12), presents an agree-
ment within 5 percent when compared with the literature

di (12)

plicit appearance of the pressure was eliminated based on ahroughout the range $0< Ra < 10°. This is an impor-

penalty function, with an error factor of 18. By using the

tant verification that demonstrates the equivalence between
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different numerical approaches: Fusegi et al. [14] applied the fin geometry to maximize the heat transfer rate is crucial
finite difference technique, Ha and Jung [15] used finite vol- when natural convection plays a significant role in front of
ume, and we are using finite elements. The numerical re-the ‘thermal bridge’ effect described above. Based on scale
sults are also consistent with analytical expressions derivedarguments, this suggests that, in view of the heat transfer
in Ref. [2], i.e., thatj scales aRal/4, or more precisely rate, fin geometric optimization is ‘meaningful’ when

G = 0.364(L/W)Ral/4, Ral/4
——>1 (14)
k¢

4. Fin volume constraint and fin geometry For example, wherRa = 10° and k = 6500, one can cal-

culate that the criticap for the natural convection to play
Our objective is to study how the shape of the fin influ- a significant role before the ‘thermal conduction bridge’ ef-
ences the overall heat transfer rate from the hot to the coldfect is of the order of 10°. If ¢ is larger than that value, the
wall. It is obvious that the presence of the fin (extended sur- heat transfer rate is not significantly affected by the cross-
face) increases the solid—fluid surface area. At the same time sectional aspect ratio.
however, it modifies significantly the fluid flow pattern since An additional remark has to be made in line with the
the fin also acts as an obstacle or a partition. Consequentlyprevious discussion. In many previous studies on finned en-
both aspects influence the total heat transfer rate defined inclosures [12], the fin surface temperature was considered
Eqg. (12): the extension of the heat exchange area betweerconstant, and equal to the temperature of the wall to which
the fluid and heated solid surfaces, and the modification of it is attached. The constant temperature boundary condition
the flow pattern. is based on the assumption that the fin conductivity is very
In the pursuit of the better configuration, we consider that large ¢ — o). It is clear, in view of the heat transfer rate
the total fin volume is constrained. In other words, only a maximization, that this idealization is flawed. Afis infi-
given amount of high conductivity material is available. Fix- nite, then the best configuration is always the one where the
ing the fin volume or mass is equivalent to fixing the fraction fin touches both wallsi= 1). The heat transfer rate in that
¢ of the enclosure occupied by the fin, case is also infinite, no matter what the fin cross-sectional
e aspect ratio\ is. In summary, the whole issue of optimizing
¢ =abe (13) the fin geometry stems from the finitenessof
Because of weight and cost limitations, the volume of the
fin is much smaller than the volume of the enclosure, hence
o< 1. 5. Numerical results: effect of the fin geometry on the
Thanks to fin volume constraint, Eq. (13), only two de- heat transfer rate for Ral/*/(k¢) « 1
grees of freedom (DOFs) are required to fully characterize
the fin geometry. We choode and A = ¢/a as these two In this sectior], the focus is on finned cavity with a small
DOFs. The first one corresponds to the length of the fin. The Value of Ra'/4/(k¢) that is, when the conduction thermal
other DOF,, represents the cross-sectional aspect ratio of bridge effect takes place. The valuegofindk are set equal
the fin. When. = 1, the fin has a square cross-section. The t00.1 and 6500 respectively. This ensures that even for large
extremes. < 1 and>. > 1 correspond respectively to a hor- Rayleigh number (e.gRa = 10°) the numbeRa'/*/(k¢) is
izontally and vertically positioned fin. still small.
With the constraint shown in Eq. (13), the exposed area  For low Rayleigh numberRa = 10%), diffusion (conduc-
of the fin, i.e., the surface in contact with the fluid, can be tion) is the dominant heat transfer mechanism in the cav-
written asA/H?2 = [2(1 4 A)(b¢ /M) Y2] + ¢ /b. It is essen- ity. In other words, buoyancy forces are not strong enough
tially an increasing function of the fin length and is larger to trigger significant convection. A coarse one-dimensional
wheni <« 1 andy > 1. analysis based on the concept of thermal resistance can be
It is worth to point out that, whew is large, the total applied to obtain the scale fgr. The finned cavity can be
heat transfer rate is maximum when the fin touches the coldeduced to a system of three thermal resistances. The first
wall, establishing a conduction ‘thermal bridge’. This hap- esistance is due to heat conduction from the base to tip of
pens because there is no heat flux ‘strangulation’ throughoutth€ fin.b/ (kfinac). In series with the first resistance, there is a
the fin. In such a configuration, the heat transfer through the S€cond one corresponding to conduction in the fluid layer be-
fin scales agfin(Th — Te)ac/L, i.e., in view of the constraint ~ tween the tip of the fin and the cold wall, — b)/ (kfuigac)-
(13) and in terms of the dimensionless variables introduced Finally, conduction from the hot wall surface not covered by
above: Gfin. conduction™ ké. In Section 3, we noted that the thg fin (f_]W — ac) to the cold wall is z_accounted fqr with a
heat transfer rate in the finless cavity scaleRa%*. In the third resistancel /[kfuid(HW — ac)], in parallel with the
limit of Gtin.conduction™> Guid.convection the best design is al- two previous ones. Using the dimensionless parameters in-
ways the one where the fin touches the cold wall. In that troduced above, the total heat transfer rate reads as:
case, most of the heat will be evacuated by conduction via _ ok —1)

this high conductivity path (i.e., the fin). The optimization of 9 = + F—bk—1) (15)
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Fig. 2. The effect of the fin length and aspect ratio on the overall heat trans- Fig. 3. The effect of the fin length and aspect ratio on the overall heat trans-
fer rate wherRal/4/(k¢) < 1. fer rate wherRal/4/(k¢) ~ 1, andRal/4/(k¢) > 1.

Becausek >> 1, Eq. (15) can be approximated By~ 1 + ment with the transition proposed in Eq. (14): the largest

¢/(1 — b), provided thath # 1. Eq. (15) shows thaj is value of the parametdtal/4/(k¢) in Fig. 2 is 0.0273, hence

an increasing function ob, and that it is essentially inde- Ral/4/(k¢) < 1.

pendent of the fin cross-sectional aspect ratioThis is

also revealed in Fig. 2 (open symbols), where the numeri-

cal results have been reported Ra = 10°. It is clear from 6. Numerical results: effect of the fin geometry on the

Fig. 2 and Eq. (15) that the maximum heat transfer rate for heat transfer rate for Ra'/4/(k¢) ~ 1

Ra = 10® is achieved when the fin tip touches the cold wall

(b = 1), in which case Eq. (15) yields~ 1+ k¢. The solid Differently from all the numerical simulations reported

line presented in Fig. 2 is an adjusted version of Eq. (15), up to this point, Fig. 3 presents the effect of the fin as-

which shows that in the limit of > 1, the numerical results  pect ratio on the heat transfer rate for a fin that occupies

for the heat transfer rate correlate within 11 percent with only 1073 oj the volume of the enclosure and has a con-
~ ~ ductivity of £ = 6500 (open symbols). At high values of the

G-DHA-b ~3 (16) Rayleigh numberRa ~ 10°), the results in Fig. 3 show that

¢ the adequate selection of the fin aspect ratio (hesy 1)

As expected from Eq. (15), the number on the right-hand can increase by 15 percent when compared with« 1.

side of Eq. (16) is a number of order 1. When the Rayleigh Because of the limited amount of high conducting mater-

number increases, natural convection gains in intensity. ial, the temperature distribution in the fin is not uniform,

When Ra is of the order of 16 (solid symbols, Fig. 2), especially wherb gets close to 1. Consequently, the heat

a modification of the dominant heat transfer occurs. One transfer rate foRa > 10* does not increase drastically with

observes a transition from a conductive to a convective the fin length,b. Furthermore, as the Rayleigh number in-

heat transfer regime, where the heat transfer rate for dif- creases, the shape of the curves with constant aspect ratio

ferent values of. are not as perfectly superimposed as when changes. For low Rayleigh numbBg = 103, the heat trans-

Ra= 10®. Finally, Fig. 2 also presents the heat transfer rates fer rate is mainly a function of, and the best configuration

for a cubic enclosure with a relatively large Rayleigh num- occurs wherb = 1. ForRa= 1P, the behavior of both con-

ber (Ra= 10°). In this case, buoyancy forces are sufficiently stanti curves suggests the existence of an optibnall for

large to generate internal convective movements, and theRa > 10°.

shape of the fin (i.eh and) obviously influences the fluid However, regardless of the Rayleigh number, the best per-
flow pattern. We observe, that unlike the resultsRa= 10° formance is achieved when > 1, which corresponds to
and 1¢ shown in Fig. 2,4 now varies slightly withx. In a vertically positioned fin that divides the cubic enclosure

spite of that, the effect of on g is still modest compared  in two sub-cavities, each one of siZé x L x W/2. The

with the effect ofb. Noting that, for a fixed, the overallheat  worst design in terms of the overall heat transfer rate is when
transfer rate for the configuration with= 8 is only slightly A < 1, i.e., when the fin is essentially a horizontal surface
larger thang for A = 0.125. On the other hand, if the as- that creates two sub-cavities of dimensighg2 x L x W.

pect ratio is held fixed, = 1 for exampleg increases by 30 The trend discussed above could have been anticipated
percent fromb = 0.3 to b = 0.9, which emphasizes the im-  from known finless cavity studies (Refs. [3-8]), by recogniz-
portance of the parametéron the enclosure performance. ing that in an enclosure fully filled by fluid, thedimension

The low impact ofA on g presented in Fig. 2 is in agree- of the cavity (¥) has a weak influence on the heat trans-
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fer and fluid flow pattern as long as it is larger th&an the 1

boundary layer thickness. However, according to the avail-
able literature, the ratiaH{ /L) plays an important role on the ¢ ] Ra =10
thermal performance of differently heated cavities. Further- 104 o e

. . . o 0.1+ eV
more, studies of two-dimensional cavities in thez plane ] 10° v
have demonstrated the existence of optimal aspect ratio
(H/L)opt, which enhances heat transfer and fluid flow. For
example, according to Refs. [3] and [8], the optimal aspect
ratio is 166 < (H/L)opt < 1.37 for 1 < Ra< 3 x 10*. In 1072+
any case, this optimal aspect ratio is a number slightly larger ]
than 1.

In the present study, the conditiqit/ /L) > 1 is satis-
fied for the sub-cavitie$/ x L x W/2 in the limit A > 1, 10-3 1 oV oov
and thus fluid flow patterns are not greatly modified com- ]
pared with the finless cavity. However, in the lirhitg 1 the
dimensions of the two sub-cavities afe/2 x L x W, i.e., 1 A >>1 suggested
that the aspect ratio is these sub-cavities is ng@ hich [T R e T e
compares unfavorably with the aspect ratio of 1 in the other 10-4 10-3 10-2 0.1 1
limit (A > 1). The former is thus closer to the cavity optimal
aspect ratio and leads to larger heat transfer rate and more Ra'/
intense fluid flow. K

A is meaningless k =65 6500
3

Fig. 4. The range in which the optimization opportunities in terms of
cross-section aspect ratio lie in thRa-¢) plane, and the position of the

7. Numerical results: effect of the fin geometry on the numerical simulation in that plane.

heat transfer ratefor Ral/*/(k¢) > 1

Next, we examine the optimization opportunities when
Ra'/*/(k¢) is large. To overcome the numerical difficul- the optimization of the fin geometry is not essential, espe-
ties related with large Rayleigh numbers or sngalfalues, cially for low values ofRa. In the lower region, the open
the value ofk has been decreased to 65 in order to ob- gympols suggest that conduction and convection heat trans-
tain Ra'/*/(k¢) > 1. Note that even thoughis now much ey are at least of the same order of magnitude and the aspect

smaller than in the previous two sections, we still have ratio of the fin is an important parameter on the overall per-
1, as dictated by the requirement to enhance the heat tranSfeformance of the enclosur&g/4/(¢k) > 1, Section 7). For

rate. The results reported in Fig. 3 (i.e., solid symbols) show
that the shape of the curves for fixBd and A are different
from the ones obtained in the previous sections:6500).

In the present case, the heat transfer rate is almost unaffecte
by b. Note that the heat transfer rate withs 1 (vertically
positioned fin) is always the largest, no matter what Rayleigh
number is considered. This is explained by the optimal shape
of the sub-cavities, Section 6. The best geometry, however
is not necessarily achieved whén= 1, which is different
from the previous cases.

the transition region (Section 6), the overall heat transfer rate
delivered by the hot wallg, increases with the fin horizon-
| length,b, even though the fin volume fraction is small
¢ > 1079), regardless of the fin aspect ratio. Also, values
of A > 1 are recommended close to the transition.
Additionally, for the limits discussed in Sections 5 and
6, the numerical results show that the best performance of
'the assisted cubic enclosure happens when the fin connects
physically to the hot and cold walls, establishing a ‘ther-
mal bridge’. However, for fins of small volume fraction
¢ ~ 1073 and low conductivity (Section 7), the overall heat
8. Conclusions transfer rate; is essentially independent of the fin length.
Finally, we want to emphasize the idea that the model-

The numerical results presented in this paper confirm ing of a heat and fluid flow system should be guided by the
the importance of the fin geometry in particular when the System objectives and constraints. The objective of the fin
condition described by Eq. (14) is met. Fig. 4 shows the is to enhance the overall heat transfer rate. Using a constant
comparison between the theoretical transition determined infin temperature approximation would lead to an “ill-posed”
Eq. (14), and the numerical results. The symbols show whereproblem when the fin touches both walls, which is actually
the numerical simulations presented previously in Figs. 2 the optimal configuration in the limiRal/4/(¢k) < 1, but
and 3 lie in theRa—¢ plane. The gray shadow represents not necessarily in the other limiBal/4/(¢k) > 1. It is thus
the region discussed in Section 5 (i¢.> Ral/4/k). In this necessary to solve the temperature equation within the fin in
limit, the amount of high conductivity material is large and the quest for optimally finned cavity.
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